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Supplementary Materials and Methods: Mathematical Description of Uncertainty Propagation through the Four Steps of Sky-polarimetric Navigation
Supplementary Table S1: Weighted mean <ωmax> and standard deviation Δωmax of peaks ωmax of North uncertainties versus solar elevation θ for the calcite sunstone crystal for navigation in the forenoon and the afternoon at spring equinox and summer solstice. These numerical values are visualized in Fig. 3. Note that at equinox, θ is not larger than 25°.
	θ (°)
	equinox

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-31.4
	3.8
	36.0
	2.5

	5-10
	-22.8
	3.2
	29.6
	2.2

	10-15
	-13.8
	3.3
	20.1
	3.6

	15-20
	-6.2
	4.3
	12.0
	3.8

	20-25
	10.9
	7.6
	-3.7
	6.8

	

	θ (°)
	solstice

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-30.1
	4.5
	33.8
	3.6

	5-10
	-22.9
	3.3
	28.2
	2.4

	10-15
	-15.9
	2.4
	22.4
	2.1

	15-20
	-11.6
	2.8
	18.4
	2.0

	20-25
	-10.1
	3.3
	15.9
	1.1

	25-30
	-11.6
	3.2
	13.6
	1.3

	30-35
	-11.3
	1.8
	11.4
	1.5

	35-40
	-3.4
	3.6
	1.8
	3.4

	40-45
	9.1
	4.7
	-11.5
	4.3

	45-50
	35.4
	15.7
	-35.1
	13.0


Supplementary Table S2: The same as Supplementary Table S1 for the cordierite sunstone crystal. These numerical values are visualized in Fig. 3.
	θ (°)
	equinox

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-30.4
	4.0
	34.8
	3.5

	5-10
	-23.9
	3.3
	30.2
	2.1

	10-15
	-15.4
	4.1
	21.4
	4.2

	15-20
	-7.1
	5.2
	13.3
	4.8

	20-25
	11.5
	8.7
	-3.0
	7.2

	

	θ (°)
	solstice

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-28.2
	5.8
	32.2
	4.9

	5-10
	-22.4
	4.0
	27.4
	3.6

	10-15
	-17.5
	2.7
	23.2
	2.2

	15-20
	-13.8
	3.9
	19.4
	2.4

	20-25
	-11.0
	3.9
	15.7
	1.4

	25-30
	-10.9
	3.4
	12.8
	1.8

	30-35
	-10.1
	1.8
	10.6
	1.5

	35-40
	-2.9
	3.9
	1.6
	3.4

	40-45
	8.3
	4.7
	-10.0
	4.7

	45-50
	34.4
	16.0
	-34.0
	13.3


Supplementary Table S3: The same as Supplementary Table S1 for the tourmaline sunstone crystal. These numerical values are visualized in Fig. 3.
	θ (°)
	equinox

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-31.4
	4.9
	36.0
	4.2

	5-10
	-24.3
	3.4
	30.9
	2.5

	10-15
	-14.1
	4.7
	20.5
	4.9

	15-20
	-5.4
	5.3
	11.4
	4.9

	20-25
	13.8
	8.5
	-6.3
	7.5

	

	θ (°)
	solstice

	
	forenoon
	afternoon

	
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

deviation

Δωmax (°)

	0-5
	-30.0
	7.3
	33.6
	6.6

	5-10
	-24.1
	7.3
	28.7
	5.5

	10-15
	-17.7
	3.1
	23.7
	3.1

	15-20
	-13.1
	4.1
	19.8
	2.4

	20-25
	-10.0
	4.6
	15.8
	2.1

	25-30
	-9.3
	5.3
	12.4
	3.3

	30-35
	-8.2
	3.9
	9.8
	3.2

	35-40
	-1.2
	5.4
	0.2
	4.6

	40-45
	11.1
	5.8
	-12.9
	5.4

	45-50
	38.8
	16.5
	-38.8
	14.0


Supplementary Table S4: Numerical data of the weighted mean <ωmax> and standard error δωmax of North uncertainties for navigation in the forenoon and the afternoon at spring equinox and summer solstice for the calcite sunstone crystal where each cell belongs to a given solar elevation-cloudiness (θ, ρ) pair. These numerical values are visualized in Fig. 4.
	θ (°)
	ρ

(okta)
	equinox

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-29.8
	10.3
	34.5
	10.8

	
	1
	-29.7
	10.4
	34.8
	11.1

	
	2
	-30.9
	10.8
	35.4
	11.4

	
	3
	-31.0
	11.2
	35.6
	11.5

	
	4
	-31.3
	11.9
	35.5
	11.5

	
	5
	-35.0
	13.6
	38.2
	13.2

	
	6
	-33.9
	13.3
	38.2
	13.1

	
	7
	-32.3
	13.7
	37.0
	12.9

	
	8
	-30.9
	14.8
	36.8
	13.8

	5-10
	0
	-22.7
	11.7
	29.7
	11.8

	
	1
	-21.4
	11.9
	28.5
	11.9

	
	2
	-22.9
	12.0
	29.9
	12.1

	
	3
	-22.1
	12.4
	29.2
	12.2

	
	4
	-22.2
	12.7
	29.7
	12.3

	
	5
	-22.2
	12.6
	29.3
	13.0

	
	6
	-25.4
	13.5
	31.2
	13.3

	
	7
	-23.8
	14.8
	30.1
	14.3

	
	8
	-23.7
	13.8
	29.0
	13.5

	10-15
	0
	-15.8
	12.5
	20.9
	12.1

	
	1
	-17.1
	12.2
	23.2
	12.1

	
	2
	-16.5
	12.4
	23.5
	12.3

	
	3
	-12.9
	12.5
	19.1
	12.4

	
	4
	-13.0
	12.5
	19.3
	12.7

	
	5
	-12.1
	12.8
	18.7
	12.7

	
	6
	-11.9
	12.9
	17.7
	13.3

	
	7
	-12.4
	13.1
	19.2
	13.1

	
	8
	-11.9
	13.6
	17.9
	13.6

	15-20
	0
	-11.4
	12.4
	16.2
	11.6

	
	1
	-9.5
	12.3
	14.5
	11.4

	
	2
	-7.9
	12.5
	13.4
	11.9

	
	3
	-4.9
	12.6
	9.7
	12.0

	
	4
	-5.4
	12.4
	11.6
	12.3

	
	5
	-4.3
	12.8
	10.4
	12.5

	
	6
	-4.9
	12.7
	10.9
	12.6

	
	7
	-5.9
	12.9
	12.1
	12.8

	
	8
	-0.2
	13.2
	7.4
	12.9

	20-25
	0
	10.8
	14.5
	-2.7
	11.8

	
	1
	8.6
	16.0
	-0.4
	13.5

	
	2
	11.7
	13.5
	-4.7
	11.7

	
	3
	11.1
	16.2
	-4.7
	14.3

	
	4
	8.5
	14.5
	-2.2
	13.0

	
	5
	9.1
	15.1
	-3.8
	14.1

	
	6
	12.1
	15.4
	-4.7
	14.1

	
	7
	11.8
	13.8
	-4.9
	12.9

	
	8
	13.7
	15.3
	-6.4
	14.7


	θ (°)
	ρ

(okta)
	solstice

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-27.7
	8.1
	31.8
	8.6

	
	1
	-27.4
	8.0
	31.7
	8.7

	
	2
	-29.0
	8.6
	32.6
	9.1

	
	3
	-29.5
	9.0
	32.9
	9.2

	
	4
	-30.9
	9.9
	32.9
	9.2

	
	5
	-35.3
	12.3
	37.4
	11.5

	
	6
	-33.9
	11.6
	37.5
	11.5

	
	7
	-33.4
	12.7
	36.1
	11.2

	
	8
	-33.2
	14.5
	36.3
	13.0

	5-10
	0
	-21.6
	9.5
	27.1
	9.1

	
	1
	-20.6
	9.9
	26.4
	9.1

	
	2
	-22.5
	9.9
	27.4
	9.3

	
	3
	-22.4
	10.4
	27.4
	9.6

	
	4
	-23.1
	11.3
	28.2
	9.8

	
	5
	-23.1
	11.5
	28.8
	10.9

	
	6
	-25.7
	12.4
	30.7
	11.5

	
	7
	-26.0
	15.2
	31.3
	13.7

	
	8
	-24.9
	13.4
	29.8
	12.3

	10-15
	0
	-16.7
	9.8
	22.5
	9.2

	
	1
	-17.1
	10.1
	23.1
	9.5

	
	2
	-17.8
	10.6
	23.6
	9.8

	
	3
	-15.9
	10.9
	22.0
	10.3

	
	4
	-15.2
	11.4
	21.7
	10.8

	
	5
	-14.7
	11.9
	21.5
	10.9

	
	6
	-14.2
	12.8
	21.2
	12.1

	
	7
	-15.5
	13.1
	23.0
	12.1

	
	8
	-14.6
	14.4
	22.6
	13.3

	15-20
	0
	-14.7
	9.5
	20.1
	9.3

	
	1
	-13.4
	9.5
	19.1
	9.4

	
	2
	-12.7
	10.3
	18.9
	10.2

	
	3
	-11.3
	10.9
	17.9
	10.8

	
	4
	-10.6
	11.6
	18.4
	10.9

	
	5
	-9.9
	12.5
	17.6
	11.8

	
	6
	-9.6
	12.8
	17.2
	12.2

	
	7
	-9.8
	13.3
	17.5
	12.5

	
	8
	-6.6
	15.2
	16.8
	13.5

	20-25
	0
	-12.1
	9.3
	16.4
	9.3

	
	1
	-11.7
	10.1
	16.2
	9.3

	
	2
	-11.2
	11.8
	16.0
	10.2

	
	3
	-10.5
	12.3
	16.0
	10.8

	
	4
	-10.3
	12.5
	16.1
	11.1

	
	5
	-9.3
	13.2
	15.9
	11.8

	
	6
	-7.4
	14.5
	15.4
	11.7

	
	7
	-5.8
	15.2
	15.2
	12.7

	
	8
	-6.7
	16.4
	14.9
	13.7

	25-30
	0
	-12.5
	10.2
	13.7
	9.3

	
	1
	-12.1
	10.7
	13.9
	9.9

	
	2
	-11.4
	12.4
	14.1
	11.1

	
	3
	-11.0
	13.9
	13.1
	11.9

	
	4
	-11.1
	12.6
	14.2
	11.2

	
	5
	-11.5
	13.7
	14.0
	11.9

	
	6
	-10.7
	16.5
	13.0
	12.9

	
	7
	-11.9
	16.2
	13.0
	12.9

	
	8
	-10.0
	17.9
	12.3
	14.6

	30-35
	0
	-12.0
	11.7
	12.9
	10.7

	
	1
	-11.6
	11.9
	11.9
	10.9

	
	2
	-11.0
	12.6
	11.6
	11.7

	
	3
	-10.6
	13.0
	11.6
	12.6

	
	4
	-10.4
	14.3
	11.1
	13.6

	
	5
	-10.8
	14.1
	10.5
	13.5

	
	6
	-11.7
	15.0
	10.6
	13.8

	
	7
	-12.4
	15.3
	11.1
	14.0

	
	8
	-10.6
	15.9
	9.6
	14.4

	35-40
	0
	-5.0
	13.7
	3.8
	13.8

	
	1
	-3.9
	13.5
	1.3
	13.2

	
	2
	-1.4
	14.2
	0.2
	14.1

	
	3
	-1.7
	14.8
	0.7
	14.4

	
	4
	-3.0
	15.6
	1.7
	14.9

	
	5
	-4.0
	14.9
	2.0
	14.6

	
	6
	-4.2
	14.9
	2.3
	15.0

	
	7
	-1.4
	16.1
	-0.1
	15.5

	
	8
	-6.1
	17.1
	4.9
	15.8

	40-45
	0
	11.8
	14.5
	-11.2
	14.3

	
	1
	7.2
	14.8
	-10.5
	15.1

	
	2
	8.3
	15.3
	-10.2
	15.1

	
	3
	7.9
	15.7
	-11.0
	15.4

	
	4
	8.7
	15.6
	-13.5
	15.6

	
	5
	9.2
	16.5
	-10.5
	15.4

	
	6
	8.9
	16.3
	-11.8
	15.6

	
	7
	12.0
	16.3
	-14.7
	15.8

	
	8
	7.6
	16.3
	-10.0
	16.1

	45-50
	0
	41.0
	14.5
	-41.2
	14.6

	
	1
	30.1
	15.1
	-35.1
	14.8

	
	2
	43.7
	15.4
	-34.5
	15.3

	
	3
	41.9
	15.9
	-34.5
	15.8

	
	4
	33.3
	16.1
	-31.9
	15.7

	
	5
	23.9
	16.4
	-31.2
	16.0

	
	6
	28.4
	16.4
	-39.2
	15.6

	
	7
	26.7
	16.9
	-28.5
	16.0

	
	8
	46.5
	16.3
	-38.2
	15.3


Supplementary Table S5: The same as Supplementary Table S4 for the cordierite sunstone crystal. These numerical values are visualized in Fig. 5.
	θ (°)
	ρ

(okta)
	equinox

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-29.0
	8.1
	31.9
	9.7

	
	1
	-29.0
	8.4
	32.5
	10.0

	
	2
	-29.8
	9.4
	33.7
	10.5

	
	3
	-30.1
	9.8
	34.2
	10.8

	
	4
	-30.5
	11.2
	34.1
	10.9

	
	5
	-35.2
	14.0
	38.6
	13.7

	
	6
	-32.7
	13.5
	38.9
	13.4

	
	7
	-32.6
	14.2
	37.3
	13.3

	
	8
	-30.6
	16.0
	39.1
	14.9

	5-10
	0
	-24.5
	11.3
	29.9
	11.1

	
	1
	-23.5
	11.9
	29.3
	11.3

	
	2
	-24.4
	11.6
	30.8
	11.5

	
	3
	-23.1
	12.1
	30.0
	11.9

	
	4
	-22.8
	12.6
	30.3
	11.9

	
	5
	-22.5
	12.7
	29.8
	13.0

	
	6
	-26.0
	13.7
	31.9
	13.8

	
	7
	-25.2
	15.8
	30.7
	15.5

	
	8
	-24.3
	14.4
	29.4
	14.0

	10-15
	0
	-18.8
	12.5
	23.8
	11.3

	
	1
	-20.4
	12.3
	24.8
	11.6

	
	2
	-19.3
	12.5
	24.9
	12.2

	
	3
	-14.5
	12.7
	20.6
	12.3

	
	4
	-13.9
	12.7
	20.0
	12.8

	
	5
	-12.5
	13.1
	19.7
	12.7

	
	6
	-12.3
	13.2
	17.2
	13.6

	
	7
	-12.8
	13.5
	19.5
	13.5

	
	8
	-12.5
	14.3
	18.6
	14.3

	15-20
	0
	-14.2
	12.4
	19.7
	11.0

	
	1
	-11.5
	12.1
	17.1
	10.8

	
	2
	-8.9
	12.6
	15.0
	11.8

	
	3
	-5.2
	12.9
	10.5
	11.9

	
	4
	-5.8
	12.6
	12.6
	12.3

	
	5
	-4.2
	13.1
	10.7
	12.7

	
	6
	-5.2
	13.0
	10.7
	12.9

	
	7
	-6.4
	13.3
	12.2
	13.2

	
	8
	0.1
	13.9
	6.7
	13.4

	20-25
	0
	11.2
	15.2
	-0.1
	11.0

	
	1
	8.5
	16.8
	1.8
	13.1

	
	2
	12.0
	14.1
	-4.0
	11.7

	
	3
	11.7
	16.6
	-4.2
	14.5

	
	4
	8.8
	15.3
	-1.7
	13.1

	
	5
	9.6
	15.6
	-4.1
	14.4

	
	6
	13.2
	15.9
	-4.6
	14.3

	
	7
	13.4
	14.5
	-5.5
	13.4

	
	8
	14.9
	16.0
	-8.1
	15.4

	θ (°)
	ρ

(okta)
	solstice

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-25.6
	6.6
	29.4
	8.1

	
	1
	-25.4
	6.7
	29.3
	8.2

	
	2
	-27.0
	7.4
	30.6
	8.7

	
	3
	-27.4
	8.0
	31.2
	8.8

	
	4
	-29.4
	9.3
	31.3
	9.0

	
	5
	-35.5
	12.7
	37.7
	12.3

	
	6
	-33.4
	12.1
	37.5
	12.0

	
	7
	-34.1
	13.4
	36.3
	11.8

	
	8
	-34.9
	16.4
	38.1
	14.7

	5-10
	0
	-21.2
	7.9
	25.8
	8.4

	
	1
	-20.8
	8.4
	25.2
	8.3

	
	2
	-21.8
	8.6
	26.3
	8.6

	
	3
	-21.8
	9.5
	26.6
	9.0

	
	4
	-22.5
	10.8
	27.5
	9.4

	
	5
	-22.7
	11.1
	28.8
	10.9

	
	6
	-25.9
	12.4
	31.2
	12.0

	
	7
	-27.4
	17.3
	33.5
	15.6

	
	8
	-26.2
	14.6
	30.7
	13.2

	10-15
	0
	-19.2
	8.6
	23.3
	8.5

	
	1
	-18.9
	8.8
	23.9
	8.9

	
	2
	-19.0
	9.8
	24.3
	9.2

	
	3
	-17.1
	10.4
	22.5
	9.7

	
	4
	-16.3
	11.1
	22.3
	10.5

	
	5
	-15.7
	11.8
	22.2
	10.7

	
	6
	-15.4
	13.3
	21.8
	12.7

	
	7
	-16.0
	13.7
	24.1
	12.6

	
	8
	-15.5
	16.0
	24.0
	14.5

	15-20
	0
	-17.7
	8.4
	21.3
	8.6

	
	1
	-16.3
	8.6
	20.4
	8.7

	
	2
	-14.8
	9.8
	20.0
	9.5

	
	3
	-13.2
	10.5
	18.3
	10.4

	
	4
	-11.9
	11.5
	19.2
	10.7

	
	5
	-10.8
	12.8
	18.5
	11.8

	
	6
	-10.4
	13.3
	17.7
	12.5

	
	7
	-10.2
	14.1
	18.6
	13.0

	
	8
	-6.7
	17.0
	17.4
	14.5

	20-25
	0
	-12.8
	8.1
	15.9
	8.8

	
	1
	-12.2
	8.8
	15.8
	8.9

	
	2
	-12.0
	10.8
	15.9
	9.9

	
	3
	-11.1
	11.8
	16.1
	10.6

	
	4
	-11.0
	12.0
	16.2
	11.0

	
	5
	-10.3
	13.1
	15.6
	12.0

	
	6
	-7.9
	14.9
	15.5
	11.9

	
	7
	-5.6
	16.2
	14.9
	13.2

	
	8
	-6.5
	17.6
	14.6
	14.8

	25-30
	0
	-11.2
	8.9
	12.4
	8.3

	
	1
	-11.5
	9.6
	12.6
	9.1

	
	2
	-10.9
	11.7
	13.4
	10.5

	
	3
	-10.5
	13.5
	12.4
	11.8

	
	4
	-10.7
	12.0
	14.0
	11.0

	
	5
	-11.1
	13.7
	13.8
	12.0

	
	6
	-10.4
	17.5
	12.4
	13.5

	
	7
	-11.3
	17.2
	12.2
	13.3

	
	8
	-8.2
	19.7
	10.9
	15.9

	30-35
	0
	-10.4
	10.6
	11.6
	9.7

	
	1
	-9.9
	10.7
	10.7
	9.8

	
	2
	-9.6
	11.6
	10.8
	10.9

	
	3
	-9.6
	12.5
	11.1
	12.3

	
	4
	-9.7
	14.3
	10.6
	13.9

	
	5
	-9.8
	14.1
	9.6
	13.5

	
	6
	-10.8
	15.2
	9.8
	14.2

	
	7
	-11.4
	15.9
	10.2
	14.5

	
	8
	-10.3
	16.8
	9.1
	15.2

	35-40
	0
	-3.8
	12.9
	3.4
	13.2

	
	1
	-2.7
	12.4
	1.1
	12.1

	
	2
	-1.4
	13.5
	0.0
	13.3

	
	3
	-1.4
	14.4
	1.0
	14.0

	
	4
	-3.0
	16.0
	1.9
	14.8

	
	5
	-3.9
	14.9
	1.9
	14.4

	
	6
	-4.5
	15.0
	2.3
	14.9

	
	7
	-0.4
	16.7
	-0.5
	15.8

	
	8
	-5.4
	18.4
	3.8
	16.6

	40-45
	0
	10.1
	14.1
	-7.9
	13.8

	
	1
	6.4
	14.3
	-8.2
	14.6

	
	2
	7.7
	15.1
	-8.7
	14.9

	
	3
	7.2
	15.7
	-9.8
	15.4

	
	4
	7.3
	15.4
	-12.4
	15.8

	
	5
	8.1
	16.8
	-9.0
	15.2

	
	6
	8.4
	16.7
	-10.4
	15.7

	
	7
	11.9
	16.7
	-14.6
	16.2

	
	8
	7.7
	17.0
	-10.3
	16.6

	45-50
	0
	39.1
	14.2
	-39.4
	14.6

	
	1
	28.0
	14.8
	-33.1
	14.7

	
	2
	42.8
	15.4
	-33.2
	15.5

	
	3
	40.4
	16.3
	-33.4
	16.3

	
	4
	32.0
	16.4
	-30.6
	16.0

	
	5
	22.6
	16.7
	-30.1
	16.4

	
	6
	27.3
	16.8
	-37.6
	16.0

	
	7
	27.8
	17.6
	-28.6
	16.5

	
	8
	47.1
	17.1
	-38.5
	15.6


Supplementary Table S6: The same as Supplementary Table S4 for the tourmaline sunstone crystal. These numerical values are visualized in Fig. 6.
	θ (°)
	ρ

(okta)
	equinox

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-29.7
	8.8
	32.9
	10.2

	
	1
	-30.0
	9.4
	33.7
	10.5

	
	2
	-31.0
	10.5
	35.4
	11.2

	
	3
	-31.4
	11.0
	35.8
	11.5

	
	4
	-32.3
	12.5
	35.7
	11.6

	
	5
	-36.2
	16.2
	40.0
	15.8

	
	6
	-33.3
	15.5
	40.3
	15.2

	
	7
	-34.7
	16.2
	39.0
	15.3

	
	8
	-29.6
	18.7
	39.2
	18.0

	5-10
	0
	-24.5
	11.5
	31.2
	11.5

	
	1
	-23.6
	11.9
	30.5
	11.6

	
	2
	-23.9
	12.1
	31.3
	11.8

	
	3
	-22.6
	12.6
	30.4
	12.2

	
	4
	-23.1
	13.5
	30.7
	12.5

	
	5
	-23.6
	13.8
	30.2
	14.1

	
	6
	-27.3
	15.2
	32.7
	15.3

	
	7
	-27.3
	18.6
	31.8
	18.5

	
	8
	-26.0
	16.6
	30.5
	16.1

	10-15
	0
	-17.4
	12.9
	21.8
	11.9

	
	1
	-18.5
	12.5
	24.4
	12.2

	
	2
	-17.0
	12.8
	24.0
	12.6

	
	3
	-12.4
	13.1
	19.2
	12.9

	
	4
	-12.7
	13.3
	18.8
	13.5

	
	5
	-11.1
	13.8
	18.4
	13.6

	
	6
	-12.3
	14.7
	16.0
	15.2

	
	7
	-11.9
	14.9
	19.3
	15.0

	
	8
	-10.7
	16.7
	19.4
	16.4

	15-20
	0
	-12.4
	13.1
	17.4
	11.5

	
	1
	-9.7
	12.8
	15.2
	11.5

	
	2
	-6.5
	13.1
	12.5
	12.6

	
	3
	-3.6
	13.3
	7.8
	13.1

	
	4
	-3.3
	13.2
	10.6
	13.1

	
	5
	-2.6
	14.0
	9.3
	13.6

	
	6
	-3.4
	14.3
	9.2
	14.2

	
	7
	-5.4
	14.7
	10.2
	14.4

	
	8
	0.9
	15.7
	4.9
	15.4

	20-25
	0
	11.9
	15.6
	-2.7
	12.4

	
	1
	10.6
	17.3
	-1.1
	14.7

	
	2
	14.6
	14.2
	-7.7
	12.8

	
	3
	14.8
	17.4
	-8.3
	16.0

	
	4
	11.5
	15.9
	-5.1
	14.6

	
	5
	12.2
	16.3
	-7.3
	15.8

	
	6
	16.2
	17.3
	-8.4
	15.9

	
	7
	15.6
	15.9
	-9.1
	14.8

	
	8
	17.7
	17.9
	-9.8
	17.8

	θ (°)
	ρ

(okta)
	solstice

	
	
	forenoon
	afternoon

	
	
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)
	weighted

mean

<ωmax> (°)
	standard

error

δωmax (°)

	0-5
	0
	-26.6
	7.2
	30.2
	8.4

	
	1
	-26.8
	7.4
	30.5
	8.6

	
	2
	-28.7
	8.6
	32.1
	9.2

	
	3
	-29.4
	9.2
	33.1
	9.4

	
	4
	-32.2
	10.9
	32.8
	9.9

	
	5
	-39.0
	15.5
	40.9
	14.9

	
	6
	-36.9
	15.0
	40.8
	14.4

	
	7
	-38.7
	16.2
	39.6
	14.4

	
	8
	-40.4
	20.7
	44.1
	19.1

	5-10
	0
	-22.0
	8.7
	26.7
	8.7

	
	1
	-21.5
	9.1
	26.2
	8.6

	
	2
	-22.8
	9.6
	27.5
	9.1

	
	3
	-23.0
	10.7
	27.6
	9.8

	
	4
	-24.4
	12.4
	28.7
	10.4

	
	5
	-24.8
	12.9
	30.7
	12.7

	
	6
	-29.3
	14.7
	34.1
	14.2

	
	7
	-37.1
	22.0
	39.6
	19.9

	
	8
	-32.1
	18.3
	34.6
	16.4

	10-15
	0
	-18.7
	9.5
	23.3
	8.9

	
	1
	-18.5
	9.8
	23.8
	9.3

	
	2
	-18.4
	10.9
	24.3
	9.8

	
	3
	-16.4
	12.0
	22.6
	11.1

	
	4
	-16.0
	13.1
	22.9
	12.4

	
	5
	-15.7
	13.9
	22.7
	12.4

	
	6
	-16.8
	16.3
	23.6
	15.5

	
	7
	-17.6
	16.8
	25.8
	15.0

	
	8
	-19.8
	20.1
	27.1
	17.9

	15-20
	0
	-16.5
	9.3
	20.9
	9.1

	
	1
	-15.0
	9.4
	19.9
	9.4

	
	2
	-12.9
	11.5
	19.7
	10.7

	
	3
	-11.9
	12.6
	18.6
	12.3

	
	4
	-10.6
	14.1
	19.4
	12.3

	
	5
	-10.0
	15.8
	19.4
	14.1

	
	6
	-10.3
	16.7
	19.2
	15.3

	
	7
	-10.2
	17.9
	19.1
	15.8

	
	8
	-10.5
	21.6
	20.5
	18.3

	20-25
	0
	-12.3
	9.7
	16.5
	9.6

	
	1
	-11.6
	10.8
	16.0
	9.8

	
	2
	-11.1
	13.6
	16.5
	11.6

	
	3
	-9.9
	14.7
	16.1
	13.0

	
	4
	-10.1
	15.1
	16.3
	13.1

	
	5
	-9.0
	16.1
	15.4
	14.8

	
	6
	-5.5
	18.8
	14.8
	14.5

	
	7
	-3.3
	19.8
	13.6
	16.3

	
	8
	-4.8
	21.5
	13.7
	18.9

	25-30
	0
	-11.7
	10.6
	13.4
	9.7

	
	1
	-11.2
	11.9
	13.7
	10.8

	
	2
	-9.1
	14.7
	13.4
	13.1

	
	3
	-7.3
	16.5
	11.0
	14.5

	
	4
	-9.9
	15.0
	13.6
	13.7

	
	5
	-9.1
	17.2
	12.6
	15.1

	
	6
	-4.4
	21.8
	10.8
	16.7

	
	7
	-7.2
	21.5
	9.6
	16.8

	
	8
	-2.1
	23.6
	7.3
	19.8

	30-35
	0
	-10.2
	13.0
	12.6
	11.9

	
	1
	-10.1
	13.0
	11.4
	11.9

	
	2
	-8.5
	14.2
	11.0
	13.4

	
	3
	-8.1
	15.5
	10.3
	15.3

	
	4
	-6.4
	17.6
	8.3
	17.2

	
	5
	-7.6
	17.6
	8.3
	16.7

	
	6
	-7.8
	19.4
	7.6
	17.4

	
	7
	-7.4
	20.2
	7.5
	17.9

	
	8
	-2.3
	21.5
	4.7
	18.9

	35-40
	0
	-3.5
	14.7
	2.9
	14.8

	
	1
	-2.4
	13.7
	0.7
	13.3

	
	2
	-0.3
	14.9
	-0.6
	14.8

	
	3
	-0.2
	16.3
	0.3
	16.0

	
	4
	-1.3
	19.1
	0.6
	17.3

	
	5
	-2.8
	17.7
	0.9
	16.6

	
	6
	-3.0
	18.2
	1.2
	17.6

	
	7
	3.9
	20.1
	-4.2
	18.4

	
	8
	2.4
	22.9
	-1.6
	19.9

	40-45
	0
	14.0
	15.0
	-11.5
	14.3

	
	1
	9.5
	15.0
	-12.4
	15.4

	
	2
	10.3
	16.3
	-11.3
	16.0

	
	3
	9.3
	17.1
	-12.5
	16.9

	
	4
	8.9
	16.8
	-15.1
	17.1

	
	5
	10.6
	18.8
	-10.8
	17.0

	
	6
	10.7
	18.9
	-12.8
	17.8

	
	7
	14.6
	19.1
	-17.8
	18.3

	
	8
	12.1
	20.1
	-13.9
	19.2

	45-50
	0
	44.4
	15.0
	-45.4
	15.2

	
	1
	33.2
	15.8
	-39.0
	15.3

	
	2
	48.1
	16.5
	-38.7
	16.2

	
	3
	44.4
	17.9
	-37.9
	17.8

	
	4
	35.3
	17.8
	-33.4
	17.2

	
	5
	25.6
	18.2
	-34.2
	17.9

	
	6
	31.6
	18.4
	-42.0
	17.6

	
	7
	32.8
	20.3
	-33.1
	19.0

	
	8
	50.5
	19.3
	-42.9
	17.7


Supplementary Table S7: Elevation uncertainties Δθ, azimuth uncertainties Δφ and their standard deviations σθ and σφ for the different parameter intervals in the 2nd step of sky-polarimetric navigation. The parameter intervals are characterized by four free parameters: (i) angle δ enclosed by the planes of the two celestial great circles, in the intersection of which the occluded Sun could be found (these circles pass through the two sunstone centres parallel to the straight markings engraved into the sunstone surface during calibration), (ii) elevation angle θE of the estimated Sun position E, (iii) γ1 and (iv) γ2 meaning the angular distance of the two observed sky points from the estimated Sun position E.

	parameters δ, θE, γ1, γ2 (°)
	Δθ (°)
	σθ (°)
	Δφ (°)
	σφ (°)

	125–145, 35–55, 35–55, 35–55
	14
	53
	–36
	118

	125–145, 35–55, 35–55, 65–85
	02
	107
	130
	275

	125–145, 35–55, 65–85, 35–55
	–16
	93
	–46
	223

	125–145, 35–55, 65–85, 65–85
	19
	80
	–62
	309


	125–145, 35–55, 65–85, 95–115
	38
	81
	104
	374

	125–145, 35–55, 95–115, 35–55
	–35
	84
	–60
	329

	125–145, 35–55, 95–115, 65–85
	33
	73
	–133
	364

	125–145, 35–55, 95–115, 95–115
	27
	106
	28
	318

	125–145, 5–25, 35–55, 35–55
	31
	26
	12
	65

	125–145, 5–25, 35–55, 65–85
	57
	26
	–140
	181

	125–145, 5–25, 35–55, 95–115
	62
	59
	–277
	315

	125–145, 5–25, 65–85, 35–55
	–19
	64
	263
	237

	125–145, 5–25, 65–85, 65–85
	100
	54
	17
	266

	125–145, 5–25, 65–85, 95–115
	84
	74
	–148
	323

	125–145, 5–25, 95–115, 35–55
	74
	35
	212
	297

	125–145, 5–25, 95–115, 65–85
	31
	87
	212
	278

	125–145, 5–25, 95–115, 95–115
	110
	73
	–183
	374

	35–55, 35–55, 35–55, 35–55
	22
	45
	07
	79

	35–55, 35–55, 35–55, 65–85
	62
	65
	–24
	140

	35–55, 35–55, 35–55, 95–115
	33
	127
	–80
	230

	35–55, 35–55, 65–85, 35–55
	–05
	84
	–22
	117

	35–55, 35–55, 65–85, 65–85
	05
	108
	50
	159

	35–55, 35–55, 65–85, 95–115
	28
	123
	–20
	177

	35–55, 35–55, 95–115, 35–55
	–31
	114
	–24
	240

	35–55, 35–55, 95–115, 65–85
	–30
	175
	–09
	184

	35–55, 35–55, 95–115, 95–115
	–03
	143
	12
	220

	35–55, 5–25, 35–55, 35–55
	30
	47
	07
	30

	35–55, 5–25, 35–55, 65–85
	144
	100
	32
	52

	35–55, 5–25, 35–55, 95–115
	30
	44
	164
	225

	35–55, 5–25, 65–85, 35–55
	137
	60
	33
	26

	35–55, 5–25, 65–85, 65–85
	110
	92
	–04
	110

	35–55, 5–25, 65–85, 95–115
	78
	132
	138
	259

	35–55, 5–25, 95–115, 35–55
	112
	127
	72
	70

	35–55, 5–25, 95–115, 65–85
	149
	116
	105
	73

	35–55, 5–25, 95–115, 95–115
	112
	122
	–22
	203

	65–85, 35–55, 35–55, 35–55
	45
	32
	–08
	54

	65–85, 35–55, 35–55, 65–85
	27
	65
	52
	166

	65–85, 35–55, 35–55, 95–115
	34
	93
	–75
	189

	65–85, 35–55, 65–85, 35–55
	14
	62
	–10
	174

	65–85, 35–55, 65–85, 65–85
	16
	102
	–37
	194

	65–85, 35–55, 65–85, 95–115
	10
	124
	26
	190

	65–85, 35–55, 95–115, 35–55
	–23
	53
	50
	265

	65–85, 35–55, 95–115, 65–85
	39
	89
	–18
	235

	65–85, 35–55, 95–115, 95–115
	13
	141
	–004
	215

	65–85, 5–25, 35–55, 35–55
	41
	52
	06
	38

	65–85, 5–25, 35–55, 65–85
	56
	58
	22
	108

	65–85, 5–25, 65–85, 35–55
	114
	51
	–05
	20

	65–85, 5–25, 65–85, 65–85
	125
	72
	30
	109

	65–85, 5–25, 65–85, 95–115
	109
	113
	–33
	189

	65–85, 5–25, 95–115, 35–55
	138
	104
	74
	117

	65–85, 5–25, 95–115, 95–115
	159
	92
	58
	208

	95–115, 35–55, 35–55, 35–55
	24
	43
	–03
	73

	95–115, 35–55, 35–55, 65–85
	07
	75
	56
	163

	95–115, 35–55, 35–55, 95–115
	–30
	65
	28
	240

	95–115, 35–55, 65–85, 65–85
	18
	107
	20
	253

	95–115, 35–55, 65–85, 95–115
	30
	73
	34
	315

	95–115, 35–55, 95–115, 35–55
	04
	58
	–70
	241

	95–115, 35–55, 95–115, 65–85
	13
	119
	–27
	358

	95–115, 35–55, 95–115, 95–115
	40
	130
	–01
	315

	95–115, 5–25, 35–55, 35–55
	47
	51
	06
	85

	95–115, 5–25, 35–55, 65–85
	76
	43
	–85
	125

	95–115, 5–25, 35–55, 95–115
	98
	76
	–147
	180

	95–115, 5–25, 65–85, 35–55
	69
	59
	52
	112

	95–115, 5–25, 65–85, 65–85
	89
	72
	–10
	179

	95–115, 5–25, 65–85, 95–115
	204
	57
	–20
	141

	95–115, 5–25, 95–115, 35–55
	50
	66
	22
	113

	95–115, 5–25, 95–115, 65–85
	119
	75
	55
	212

	95–115, 5–25, 95–115, 95–115
	158
	112
	–40
	253
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Supplementary Figure S1: The digital goniometer and its display used in the psychophysical planetarium experiment in the measurement of the uncertainty function of the 4th step of sky-polarimetric navigation.
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Supplementary Figure S2: Average <Δ> (dots) ± standard deviation σφ (vertical I bars) of the difference Δ = φe – φr between the estimated (φe) and the real (φr) azimuth angles of dots projected on a dome as a function of the elevation angle θ of the dots measured psychophysically in a planetarium on 10 test persons 10-times.

Supplementary Materials and Methods
Mathematical Description of Uncertainty Propagation through the Four Steps of
Sky-polarimetric Navigation
The steps of the algorithm is described in detail in the paper. Here, we add the mathematical background that were necessary to compute the North uncertainty.


For the calculation of the uncertainty propagation we determined the degree of polarization of skylight. The method is described in detail by Horvát and Varjú (2004). Polarized light can be decomposed into two components vibrating coherently (that is, with a constant phase difference) and perpendicularly to each other. The state of polarization of transversal electromagnetic waves can be described by the four-element Stokes vector S(I, Q, U, V), the components of which are:
I = Ir + Ip = I45 + I135 = IRC + ILC,

Q = Ir – Ip = I·p·cos(2ε)·cos(2α),

U = I45 – I135 = I·p·cos(2ε)·sin(2α),

V = IRC – ILC = I·p·sin(2ε),

where I is the total intensity of light, Ir and Ip are the intensities of the light components polarized totally linearly in a reference plane and perpendicularly to it, I45 and I135 are the intensities of the components polarized totally linearly in planes 45° and 135° relative to the reference plane, ILC and IRC are the intensities of the components polarized circularly right- and left-handed, p is the degree of linear polarization, ε is the ellipticity of polarization, and α is the angle of polarization, which is the angle of the direction of oscillation from a given plane. Q quantifies the fraction of linear polarization parallel to the reference plane, U gives the proportion of linear polarization at 45° with respect to the reference plane, and V quantifies the fraction of right-handed circular polarization.


The degree of total polarization P, the degree of linear polarization p, the angle of polarization α and the ellipticity ε can be expressed by the components of the Stokes vector as follows:
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A change in the state of polarization of light produced by an optical system, i.e. a transformation of the Stokes vector S0 = (I0, Q0, U0, V0) of the incident light into a new Stokes vector S = (I, Q, U, V) by an optical process (e.g. reflection, refraction, scattering, diffraction, birefringence, optical activity) can be expressed as a linear transformation in a four-dimensional space:

S = M·S0,
where M is the four-by-four Mueller matrix with real elements Mij (i, j = 0, 1, 2, 3) containing information of all polarization properties of light. The 16 elements of the Mueller matrix of a given optical system can be obtained by 16 measurements with independent combinations of states of polarization (degrees and angles of linear and circular polarization) of the incident light.

Step 1 of sky-polarimeric navigation
The used sky image was taken with a digital camera applying a 180° field-of-view fisheye lens. Thus, the 2D representation of a chosen point m1 in the circular fisheye image had to be transformed to 3D Cartesian representation. We performed this in two steps: (i) First, the 2D fisheye representation was transformed to 3D polar coordinates, then (ii) the 3D polar representation was transformed to 3D Cartesian coordinates:
f(x*, y*) → g(r, θ, φ)→ h(x, y, z).
(i) The chosen sky point is positioned on the surface of the imaginary sky-dome, the radius of which was chosen to be 1 in the representation. Thus, the 3D polar coordinates are the followings:

r = 1,     θ = (x*2 + y*2)1/2,     φ = arc tan (y*/x*),

where r is the radius of the sky-dome, θ is the elevation angle measured from the horizon, and φ is the azimuth angle measured clockwise in the horizontal plane.

(ii) The coordinates of 3D Cartesian representation obtained from the 3D polar representation are:

x = r·sinθ·cosφ,     y = r·sinθ·sinφ,     z = r·cosθ.

The other point m2 had to be chosen with the following condition, in order not to be too far from or too close to m1:
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We used here the fisheye representation, since it was easier to manage elevation distances that way.

Intersection of great celestial circles
In step 1 of sky-polarimetric navigation, we seek the intersection of two great celestial circles. The general mathematical description of finding the intersection point is the following: Let m1 and m1’ be two known points of the first great circle, m2 and m2’ two known points of the second great circle. Similarly, let p1 and p’1 the vectors pointing towards m1 and m’1, respectively, p2 and p’2 the vectors pointing towards m2 and m2’. By taking the cross product (×) of p’1 and p1, we get a vector being perpendicular to the plane of the first great circle. Similarly, we take the cross product of p’2 and p2 and get a vector perpendicular to the second great circle. By normalizing the two vectors, we get a followings:
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, where α is the angle inclined by vectors p1 and p’1.
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, where β is the angle inclined by vectors p2 and p’2.

The normalized cross product of a’1 and a’2 is a vector, the length of which is 1 (meaning that it is on the surface of the sky-dome), and it gives one of the two possible intersections of the two great circles:
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If the vertical z component of Iis not smaller than 0, we found the wanted intersection. If it is negative, we need to take –I instead of I. When the sunstone adjustment is correct (there is no uncertainty in step 1), the vector pointing towards the real sun S can be chosen as p’1 and p’2. Then, we can define the followings:


[image: image12.wmf]a

sin

|

|

|

|

1

1

1

1

1

×

×

´

=

´

´

=

p

s

p

s

p

s

p

s

a

S

,     
[image: image13.wmf]b

sin

|

|

|

|

2

2

2

2

2

×

×

´

=

´

´

=

p

s

p

s

p

s

p

s

a

S

.
If there is an adjustment error (obtained from the error function of step 1), we define a rectangular area, given by the intersections of 4 great circles. These great circles are obtained by rotating the plane of the great circles by adjustment uncertainty ±ε around the studied sky point. Thus, the four intersections that determine the rectangular area are the followings:


[image: image14.wmf]e

e

e

e

+

+

+

+

´

´

=

2

1

2

1

1

S

S

S

S

a

a

a

a

I

,     
[image: image15.wmf]e

e

e

e

-

+

-

+

´

´

=

2

1

2

1

2

S

S

S

S

a

a

a

a

I

,     
[image: image16.wmf]e

e

e

e

+

-

+

-

´

´

=

2

1

2

1

3

S

S

S

S

a

a

a

a

I

,     
[image: image17.wmf]e

e

e

e

-

-

-

-

´

´

=

2

1

2

1

4

S

S

S

S

a

a

a

a

I

.
Here, we need to check the sign of the vertical component of the intersections, and if it is negative, we need to take –I instead. Here the ±ε in the lower index means that the vector is rotated by ±ε angle. The general mathematics of the rotation of a 3D vector around an axis by a given degree is the following: If we rotate vector v(x,y,z) around axis a(ax,ay,az) with angle α, then we get vector v’(x’,y’,z’), the coordinates of which are:
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Step 2 of sky-polarimeric navigation
In step 2 the points of the rectangle defined by the four intersections determined previously had to be shifted with the corresponding azimuth and elevation uncertainty coming from the uncertainty of step 2 described in detail in the text of the paper. First, we converted the Cartesian representation to 3D polar representation:
f(x, y, z) → g(r, θ, φ).

The converted coordinates are:
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where r is the vector length, θ is the elevation angle measured from the horizon, and φ is the azimuth angle measured clockwise in the horizontal plane. From step 2 we get elevation uncertainty Δθ and azimuth uncertainty Δφ with which the given point has to be shifted. The new coordinates are:

r’ = r,     θ’ = θ + Δθ,     φ’ = φ + Δφ.

Step 3 of sky-polarimeric navigation
In step 3, we measured the elevation angle of this shifted point and got an elevation uncertainty ΔθE as a function of elevation. Then, we determined the following elevation range from the given point and chose the new coordinate θ’’:

θ’ – ΔθE ≤ θ’’ ≤ θ’ + ΔθE.

The obtained point is: Pθ(r, θ’’, φ’).
Step 4 of sky-polarimeric navigation
In step 4, the navigator had to align the shadow stick parallel to the solar meridian, the uncertainty of which causes an azimuth uncertainty e4th as a function of elevation θ. We determined the following azimuth range from the obtained point and chose the new coordinate φ’’.

φ’ – e4th ≤ φ’’ ≤ φ’ + e4th.

Thus, we got the estimated sun position PE(r, θ’’, φ’’). Now, we had to project this estimated sun to the 2D surface of the sun-compass, representing the tip of the sun-shadow SE(x,y), the coordinates of which are:

x = tanθ’’·cos(–φ’’),

y = tanθ’’·sin(–φ’’).

To get the North uncertainty, this point needs to rotate around the vertical axis of the sun-compass until it reaches the hyperbolic shadow-line. This is a 2D rotation, the mathematics of which can be described as follows:

x’ = x·cosα – y·sinα,

y’ = x·sinα + y·cosα,

where (x’,y’) are the coordinates of the rotated point, α is the angle of rotation. In our case, we know points (x,y) and (x’,y’), and α needs to be determined. To do this, we solve the equation system, and get the following:
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