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The optimal shape of the corneal lens of the water bug backswimmer ( Notonecta
glauca) and the optimal shape and position of the thin transition layer between the
distal and proximal units of its cornea are theoretically determined. Using a geometric
optical method, first the shape of a geometric interface between the lens units is
determined, which eliminates the longitudinal spherical aberration. This interface
is investigated for differently formed thick lenses when the medium in contact with
the entrance surface of the lens is water or air. The optimal transition layer for the
amphibious backswimmer is that, the boundaries of which are the theoretical
interfaces for water and air, and the refractive index varies continuously in it.

The optimal shape of the corneal lens is determined, with the disadvantageous
lenses, with respect to the possible minimal spherical aberration and amount of
reflected light from the transition layer, being rejected. The optimal position of the
transition layer in the cornea can be obtained from the minimization of the amount
of diffracted light on the marginal connection of the layers.

The optimal corneal lens for backswimmer has ellipsoid boundary surfaces; the
optimal transition layer in it is thin bell-shaped, at the marginal connection of which
there is no dimple, the maximum of the layer is on the margin of the cornea. The
shape of the theoretically optimal corneal lens, the shape and position of the
theoretically optimal transition layer agree well with those of Notonecta glauca.

The question posed, the geometric optical method used and the results presented
are of general importance, and not only with respect to vision in the bug Notonecta,
but also in the fossil trilobites, or in the wave guide theories which have been
employed in similar modelling problems, in design of system of lenses without
spherical aberration, for example.

1. Introduction

The structure of the dioptric apparatus of the amphibious water bug backswimmer
(Notonecta glauca) is well-known, and is investigated profoundly by Schwind
(Schwind, 1980, 1983, 1985; Schwind et al., 1984). He showed experimentally that
the thin transition layer between the two units of the backswimmer’s corneal lens
eliminates the longitudinal spherical aberration.

Schwind made a simple numerical calculation to determine the approximate shape
of this transition layer (Schwind, 1980), which was considered as an exact geometrical
interface. His computer program used to calculate the ray paths was based on a
repeated application of refraction law for passage of rays through centered refractive
spherical surfaces. The obtained interfacial curve (section of the transition interface)
consisted of 1100 segments of circles. The position of their centres along the optical
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axis and their radius of curvature were determined iteratively so that the deviation
of their focal points from that of a preset value was always smaller than 107* f;
where f is the focal length. This iterative method is difficult and slow; it does not
allow for quickly determining the theoretical shape of the transition layer for
differently shaped corneal lens.

In this work a more general and quicker method is given to solve the geometric
optical problem of the shape of the transition interface of thick lenses without
longitudinal spherical aberration. The optimal thickness and shape of the transition
layer, its optimal position in the cornea and the optimal shape of the corneal lens
of Notonecta glauca are determined on the basis of this method.

The question posed, the geometric optical method used and the results presented
are of general importance, and not only with respect to vision in the bug N. glauca,
but also in the fossil trilobites (Clarkson, 1973; Levi-Setti, 1975) or in the wave
guide theories employed in similar geometric optical modelling problems, in design
of system of lenses without spherical aberration (for example, Born & Wolf, 1964,
Luneburg, 1964; Stravroudis, 1972; Chang & Stravroudis, 1980).

2. The Eye of Notonecta glauca

The dioptric apparatus of the eye of N. glauca consists of the cornea and the
crystalline cells, at the proximal end of which an open rhabdom begins. The acone
type eye has four crystalline cells in place of a secreted cone, which are optically
homogeneous (Schwind, 1980).

The cornea consists of two homogeneous units. In the distal unit the refractive
index is high and in the proximal one it is low. The two units are separated by a
narrow transition layer, the refractive index of which varies continuously and its
thickness increases from the optical axis towards the margin of the cornea (Fig. 1,
Schwind, 1980, 1985).

The entrance surface of an individual corneal lens is only slightly convex: therefore
there is little change in the position of the plane of focus in the eye when the
amphibious bug leaves the water. In Fig. 1 refractive indices and shapes of refracting
surfaces of the dioptric apparatus are indicated. Measurements of the intact corneal
lenses confirmed that they have only very little longitudinal spherical aberration
(Schwind, 1985).

In a horizontal section through the eye one finds ommatidia of radially-symmetric
structure (Fig. 1) only in the middle region, between the median and lateral peripheral
zones. In these peripheral regions the dioptric apparatus is slanted. The diameter
of the corneal lenses is quite small, 40 um (Schwind, 1980).

All the peripheral rhabdomeres of backswimmer contain a pigment with an
absorption maximum at 560 nm (Schwind et al., 1984). This is associated with
adaptation of the spectral sensitivity of the peripheral visual cells to the illumination
conditions in the bodies of water inhabited by N. glauca. Backswimmer prefers
turbid, still water with a dense growth of aquatic plants (Giller & McNeill, 1981).
Under incident daylight the intensity maximum of the scattered background light
in bodies of water containing phytoplankton in high concentrations is at 560 nm
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F1G. 1. Refractive indices of the dioptric apparatus of backswimmer. Between two homogeneous lens
units there is a thin bell-shaped transition layer within which refractive index changes continuously.

(Lythgoe, 1972). The peripheral rhabdomeres serve as a scotopic system, they are
used for perception of dim light in turbid water (Schwind et al., 1984). From these
the following can be postulated.

POSTULATE 1

The chromatic aberration of the backswimmer’s corneal lens is very small because
of the quasi-monochromatic (~560 nm) property of the light in bodies of water
perceived by N. glauca. This small chromatic aberration can be neglected, because
the absorption maximum of the visual pigments of peripheral rhabdomeres of the
bug coincides with the emission maximum of the scattered background light in its
water environment.

The diameter of the backswimmer’s corneal lenses is so small (40 wm) that smaller
lenses would not be suitable, because the amount of the light received by an
individual cornea is quite small in dim light (Schwind, 1985).
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The backswimmer’s corneal lenses without spherical aberration serve the purpose
of increasing the light-collecting efficiency and the optimal high contrast which have

relevance to survival of the organism.
3. The Shape of the Interface in a Double-Lens Without Spherical Aberration
First I determine the shape of an interface, which eliminates the longitudinal
spherical aberration of a double-lens. In this work only lenses with radially-

symmetric structure are investigated.
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F1G. 2. The path of an incident ray of light parallel to the optical axis through the dioptric apparatus

of backswimmer. Only half of the cross-section is represented.
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In Fig. 2 the path of a ray of light through the dioptric apparatus of backswimmer
can be seen. The incident ray of light is parallel to the optical axis of the lens,
because longitudinal spherical aberration is investigated. The refractive indexes of
the medium in contact with the entrance surface, the distal and proximal lens units,
and the crystalline cells are n,, n,, n; and ng, respectively. First I consider the thin
transition layer as exact geometrical interface.

The entrance and exit surfaces of the lens and the transition interface can be
described (in main section) by the functions f,(x,), f,(x,) and y(x), respectively, in
the system of co-ordinates of Fig. 2. The definition of geometric parameters a, b, c,
d, r and L can be read in Fig. 2. The numerical value of these parameters and the
refractive indices can be found in Table 1 for the backswimmer’s dioptric apparatus.

TABLE 1

Numerical value of the refractive indices and the geometric parameters of the dioptric
apparatus of backswimmer (Schwind, 1980)

n,(water) = 1-33 or n,(air) =1, n,=1-54, ny=1-46, n,=1-35
a=23pm, b=11pm, c=12 pm, d=1pm, L=75pum, r=20 pm

The longitudinal spherical aberration is eliminated by the interface. This means that
any incident ray parallel to the optical axis crosses the same focal point F on the
distal tip of the crystalline cells after the refractions. Using the law of refraction
and some trigonometrical transformations, the following system of equations can
be obtained to calculate the curve y(x) (see Fig. 2).

x =%, tg(a— B (x) +a—y(x)], (1)
x;=x—tg(w—8+a—B)y(x)—a+c—fi(x,)], (2)
L+fy(x,) =tg(%u_)-’ 3)

1g5 =% (;‘;(_ £ _);)yy((xz) y(x)=dy/dx, @)
gp=Be0tat Pl S0 )

T1-tg(w—8+a—B).f(x)’

e fi(x,) . ny/n, _f’lz(-xl) . ("1/"2)2]1/2}
f‘("‘)“L{n+f;2(x1>]'/2/ [1 1+17(x)

1gla—p)= 2 271727 ° (6)
l+f{2(x1){ "’12/”2 1/2/[1 _fl (x;) -,(2"1/"2) ] }
[1+£7°(x,)] 1+£77(x,)

dx,’
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{ 188 . ny/n, /[1_(tg8.n2/n3)2]”2}_t A
(1+1g26)"? 1+ 1g%8 &

- A 1 ) 7
tg(w—3) 1+{t328—'"2/"_3/|:1_.(_'g6'—"2/."3_)2] /2} (7)
(1+1875)"2 1+1g%8
{M/[l_('m_"s/m)’]‘“}_ i
1g(®@—v)= (1+1g°n)" 1+1g’n — (8)
) 14-£5(% ){ tgn.HS/n4 /[1_(‘877.n3/n4)2]1/2}'
T +gtn) 1+1g°n

The angles used in the above equations can be read in Fig. 2. Introduce the following
notation.

a, =fi(x,)[1 +f’12(x1)]_l/2 .ny/ny, a=a,(1- af)_l/z,

o= ig(a=B) =i b, fi)=GL, ©)
e . e _bi-a _bitfalx;)
Yy—at+e—fix,) > 1+bay T1=byfy(x,)’
by=by(1+b3)7? . n3/ng,  bs=(1-b3)">,
bs= b,/ bs—f3(x,), b;=1+f3(x;)bs/ bs. (10)
From eqns (1), (3) and (7) we obtain.
F(x))=x,—x—a;[fi(x,) +a-y]=0 (11)
G(x;) = L+f5(x;)+x,b,/bs=0 (12)

2 2
H(t)= t"[l —% (1+b$)] +2t3b,+t2<1 —%)(1+bf)
3

3.
+2th,+b}=0, t=tgé. (13)
From eqn (4) we obtain
t - a3
1+1ta;
The system of eqns (1-8) can then be solved in the following way. First we solve
eqn (11) for x; numerically, using the tangent recursive formula of Newton:

. . F[x{" dF

(i+1) _ () 1 ——
X i =X _F,[x(l.-)]a F(XI)=dxl (15)
for the approximate roots xi"”. Then we solve eqns (12) and (13) numerically for
x, and ¢, respectively, using the recursions

y'(x) = (14)

, o G[x$] dG
(i+1) _ () 2 d =
= — s G = PTRE) 16
2 2 TG (x2) dx, 16)
(i)
t(i+l)=t(i)_H[t ] H'(t)zﬂ (17)

H[71 dr’
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Then substituting the root x, into the expression of a;, then substituting the root ¢
and a; into eqn (14) we obtain y’(x). Using the boundary condition

y(x=0)=0, (18)
we can determine the curve y(x), because it is
y(x+Ax)=y(x)+y'(x).Ax, Ax=r/m, (19)

where r is the radius of the lens, and m is a large number. The larger the number
m is, the better the numerical solution for y(x) is.

4. Theoretical Transition Layers of Differently Shaped Amphibious lenses

I apply the above geometric optical method for differently shaped lenses, the
entrance and/or exit surfaces of which can be described in the following way

plane: f(x;)=f5(x,) =0, (20)
paraboloid: f,(x;)=d —d(x,/r)?, £5(x,) = c(x,/1)?, (21)
ellipsoid: f,(x,)=d[1—(x,/r)*]"?, f(x) =c—c[1-(x2/7)*1% (22)

and the medium in contact with the entrance surface is water or air (amphibious
lenses).

I substituted eqns (20), (21) or (22) into the system of eqns (1-8) and solved it
using the method presented above. The results can be seen in Figs 3-11. I varied

A e il

F1G. 3. Theoretical transition layers in the plane-parallel cornea.
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F1G. 4. Theoretical transition layers in the paraboloid-plane cornea.

F1G. 5. Theoretical transition layers in the ellipsoid-plane cornea.
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FIG. 6. Theoretical transition layers in the paraboloid-ellipsoid cornea.

the geometrical parameter a, and obtained a family of curves for y(x). The shape
of the theoretical interface depends on the refractive index n,, if the entrance surface
of the lens is not a plane and is not perpendicular to the axis of the ommatidium.
The upper boundaries of the transition layers in Figs 4-7, 10 and 11 are the theoretical
interfacial curves for n,(water) =1-33, and the lower ones are those for n,(air) =1.

The shape of the interfaces for air differs from those for water. If only an interface
existed in the cornea of backswimmer and its shape agreed with that of the theoretical
interface determined for n,(water) = 1-33, for example, then the corneal lens would
not have longitudinal spherical aberration in water, but it would have large spherical
aberration in air. It is more advantageous when a layer of finite thickness exists in
the cornea, its boundaries are the interfaces determined for water and air, and the
refractive index varies continuously in it. In this case the corneal lens has a little
spherical aberration in air and water, but it is much smaller than it would be if only
an interface existed.



398 G. HORVATH

F1G. 7. theoretical transition layers in the paraboloid-paraboloid cornea.

POSTULATE 3

The optimal transition layer in the cornea of amphibious N. glauca is the zone
between the theoretical interfaces determined for water and air, and the refractive
index varies continuously in it.

5. The Optimal Shape of the Backswimmer’s Cornea

In Figs 3-11 the radius of the lenses is r =20 wm, like that of backswimmer. Only
that transition layer which does not reach the entrance surface can eliminate the
spherical aberration for the whole of the lens.

POSTULATE 4

The transition layer cannot reach the entrance surface of the backswimmer’s
cornea, or else the diameter of the spherically corrected lens would be smaller. If
the thickness of the transition layer is large, the corneal lens has large spherical
aberration.
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F1G. 8. Theoretical transition layers in the plane-paraboloid cornea.

POSTULATE 5

A thinner transition layer in the backswimmer’s cornea is more advantageous
than a thicker one, considering the spherical aberration.

A transition interface has infinite gradient of refractive index, therefore the amount
of reflected light from it is large. This decreases the light-collecting efficiency of the
lens.

POSTULATE 6

Transition interface in the corneal lens of backswimmer is rejected because of
the large amount of reflected light.

The amount of reflected light from the transition layer is large when the angle
between the incident rays and the normal vector of the layer is large.

POSTULATE 7

It is disadvantageous when the rise of the transition layer in the backswimmer’s
cornea is large, because the amount of the reflected light is large.
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FIG. 9. Theoretical transition layers in the plane-ellipsoid cornea.

On the basis of the former the optimal shape of the backswimmer’s corneal lens
can be determined. I apply the above postulates for Figs 3-11, and reject the
disadvantageously-shaped lenses. I seek a lens of which the transition layer, defined
by postulate 3, has optimal properties considering postulate 2.

Due to postulate 1, elimination of chromatic aberration is not needed: therefore
two lens units with a thin transition layer are sufficient for the backswimmer. In the
plane-parallel, paraboloid-plane and ellipsoid-plane lenses (Figs 3, 4 and 5, respec-
tively), all the transition layers reach the entrance surface, because the boundary
surfaces are very flat: therefore abrupt transition layers are needed for focusing.
Considering postulates 4 and 7 we can reject those corneal lenses of which the exit
surface is plane. In the paraboloid-ellipsoid and paraboloid-paraboloid lenses (Figs
6 and 7, respectively) the transition layers are thicker than in the case of the other
lenses investigated (see Figs 8-11). On the basis of postulate 5 these disadvantageous
corneal lenses are rejected.

In the plane-paraboloid and plane-ellipsoid lenses (Figs 8 and 9, respectively),
the theoretical transition layers are interfaces, the shape of which does not depend
on the refractive index of the medium in contact with the entrance surface. These
interfaces are rejected considering postulate 6. They are very abrupt near the margin
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F1G. 10. Theoretical transition layers in the ellipsoid-paraboloid cornea.

of the cornea, therefore they are disadvantageous also considering postulate 7. So
corneal lenses with plane entrance surface are rejected. It can be seen in Figs 10
and 11 that the bell-shaped transition layers of the ellipsoid-paraboloid lens are
thicker than those of the ellipsoid-ellipsoid one. Considering postulate 6 the former
lens is rejected.

In sum the ellipsoid-ellipsoid lens and its thin bell-shaped transition layers (Fig.
11) are the optimal for the water bug N. glauca with respect to the spherical
aberration and the amount of reflected light. It can be seen in Fig. 11 that the shape
of the optimal ellipsoid-ellipsoid corneal lens and its transition layers are very
similar to the real ones of backswimmer (see Fig. 1).

6. The Optimal Position of the Transition Layer in the Backswimmer’s Cornea

I determine the optimal value of the geometrical parameter a in the cornea of N.
glauca, considering the bell-shaped theoretical transition layers in the ellipsoid-
ellipsoid corneal lens. Layers 1, 2, 3 and 4 in Fig. 11 are rejected on the basis of
postulate 4. In Fig. 12 the connection of two ellipsoid-ellipsoid corneal lenses with
the marginal connection of the non-rejected theoretical transition layers can be seen.
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FIG. 11. Theoretical transition layers in the ellipsoid-ellipsoid cornea.

The maxima of the fourth degree boundary surfaces of these layers are just on the
margin for layers 6 and 7, and near the margin for layers 5, 8 and 9: therefore there
is a dimple at the marginal connection of the latter layers. The size of these dimples
is comparable with the wavelength of 560 nm (see Fig. 12), so the diffraction of
light becomes large on these dimples. There is no dimple at the marginal connection
of layers 6 and 7, thus there is no diffraction on these connections. Also diffraction
of light depreciates the light-collecting efficiency and the high contrast imaging of
the lens, therefore it is disadvantageous considering postulate 2.

POSTULATE 8

A marginal connection of the transition layers in the backswimmer’s cornea with
dimples, the size of which is comparable to the sensitivity maximum of peripheral
visual receptors of the bug (560 nm), is disadvantageous because of the diffraction.

Considering postulate 8, layers 5, 8 and 9 in the ellipsoid-ellipsoid cornea are
rejected. The optimal position of the transition layer in the backswimmer’s cornea
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F1G. 12. A marginal connection of two ellipsoid-ellipsoid corneal lenses with the marginal connections
of the theoretical transition layers.

can be found between the position of layers 6 and 7 (Fig. 12). The geometrical
parameter a of a transition layer between these layers is approximately equal to
that in N. glauca (a =23 um).

Thanks are due to Professor Rudolf Schwind (Institut fiir Zoologie der Universitat
Regensburg) and Professor Pal Greguss (Applied Biophysical Laboratory, Technical Univer-
sity, Budapest) for their help, advice and support.
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